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In this paper we present a comprehensive model for the tunneling current of the metal-insulator-
graphene heterostructure, based on the Bardeen Transfer Hamiltonian method, of the metal-
insulator-graphene heterostructure. As a particular case we have studied the metal-graphene 
junction, unveiling the role played by different electrical and physical parameters in determining 
the differential contact resistance. 
 Introduction. The metal-graphene (MG) junction is a 
critical component of graphene-based devices and controlling 
its properties is a pre-requisite for device optimization. 
Although there are quite a few experimental studies of the 
MG junction in the scientific literature [1-5], a 
comprehensive model of the tunneling current between a pure 
2D material and a metal is still lacking. These kinds of 
models are needed, for instance, to get information about 
what can be done to optimize the contact resistance. 
Although the carrier mobility in the graphene is very high, its 
small density of states (DOS) might suppress current 
injection, limiting the performance of graphene-based devices 
[6]. 
We address this problem by formulating an analytical 
model of the metal-insulator-graphene (MIG) heterostructure, 
from which the MG junction can be seen as a particular case. 
Our model is based on the Bardeen Transfer Hamiltonian 
(BTH) method [7,8] where the probability of elastic tunneling 
is calculated using Fermi golden rule. This gives a 
quantitative estimate of the coupling between metal and 
graphene states, allowing us to obtain an analytical formula 
for the tunneling current, which contains key information on 
the role played by different parameters.  
The manuscript is organized as follows: in Section I we 
address the electrostatics of the MIG heterostructure. 
Specifically, a simple model to calculate the location of the 
Fermi level in both electrodes is presented. In Section II, we 
present a model for the tunneling current. In Section III some 
results are presented in terms of benchmarking different 
metal electrodes. Finally, we outline the main conclusions of 
this work. 
 
I. Electrostatics of the MIG heterostructure. The MIG 
heterostructure, represented in Fig. 1, consists of metal (M) 
and graphene (G) electrodes with work functions 𝑊𝑊𝑚𝑚  and 𝑊𝑊𝑔𝑔 , 
respectively, separated by an intermediate insulator (I) layer. 
The (I) layer can represents either a dipole layer formed as a 
result of charge transfer within the equilibrium separation 
distance 𝑑𝑑 = 𝑑𝑑𝑒𝑒𝑒𝑒  with 𝜀𝜀 = 𝜀𝜀0 (case of MG junction), or a 
general dielectric of permittivity 𝜀𝜀 > 𝜀𝜀0 and thickness 𝑑𝑑 (case 
of MIG heterostructure). 
After formation of the MIG structure a charge transfer 
from (G) to (M) is produced until their Fermi levels align 
Figs. 1b,c. A dipole is formed at the (I) layer with a potential 
drop Δ𝑉𝑉 across it and the graphene becomes doped because a 
shift Δ𝐸𝐸 = 𝐸𝐸𝑓𝑓𝑔𝑔 − 𝐸𝐸𝐷𝐷  of its Fermi level (𝐸𝐸𝑓𝑓𝑔𝑔 ) with respect to 
the Dirac point (𝐸𝐸𝐷𝐷). The value of Δ𝐸𝐸 depends on metal 
nature and the ratio 𝑧𝑧𝑑𝑑/𝜀𝜀, with 𝑧𝑧𝑑𝑑  being the effective distance 
between the charge sheets of (M) and (G) electrodes [9]. In 
this work, we model it as 𝑧𝑧𝑑𝑑 = 𝑑𝑑 − 𝑑𝑑0 with constant 
𝑑𝑑0∼ 0.24 𝑛𝑛𝑚𝑚. 
 
FIG. 1. (a) Band diagram of an isolated graphene and metal system. (b) Band 
diagram of a MG junction at equilibrium showing dipole formation at the 
interface. A voltage drop Δ𝑉𝑉 is produced over the dipole, and Δ𝐸𝐸 represents 
the shift of the graphene Fermi level with respect to the Dirac point. (c) Non-
equilibrium band diagram of the MG junction.  
When a bias voltage 𝑉𝑉 is applied between the two 
electrodes, Δ𝐸𝐸 changes according to the relation 
Δ𝐸𝐸 = 𝑊𝑊𝑚𝑚 −𝑊𝑊𝑔𝑔 − 𝑒𝑒Δ𝑉𝑉 − 𝑒𝑒𝑉𝑉.                     (1) 
The potential drop Δ𝑉𝑉 can be expressed as Δ𝑉𝑉 = Δ𝑡𝑡𝑡𝑡 +
Δ𝑐𝑐ℎ , where the  Δ𝑡𝑡𝑡𝑡  term results from charge transfer and the 
Δ𝑐𝑐ℎ  term describes the short-range interaction from the 
overlap of wavefunctions, which depends strongly on the 
separation distance 𝑑𝑑 and it becomes negligible for 𝑑𝑑 ≿ 5nm 
[9]. At 𝑉𝑉 = 0 the doped type of the graphene in a MIG 
structure, in general, is determined by 𝑒𝑒𝑉𝑉𝐷𝐷 = 𝑊𝑊𝑚𝑚 −𝑊𝑊𝑔𝑔 − 𝑒𝑒Δ𝑐𝑐ℎ .  
To model the electron transfer contribution, Δ𝑡𝑡𝑡𝑡 , we use a 
planar capacitor model giving Δ𝑡𝑡𝑡𝑡 (Δ𝐸𝐸) = 𝑒𝑒𝑧𝑧𝑑𝑑(𝑛𝑛 − 𝑝𝑝)/𝜀𝜀, where  
𝑛𝑛 − 𝑝𝑝 is the net 2D carrier density in the graphene, and 𝑒𝑒 is 
the electron charge. Using the usual expression for 𝑛𝑛 − 𝑝𝑝 [10] 
into Eq. (1) yields the relation  
𝛼𝛼𝑓𝑓(Δ𝐸𝐸/𝑘𝑘𝐵𝐵𝑇𝑇) + Δ𝐸𝐸 + 𝑒𝑒𝑉𝑉 − 𝑒𝑒𝑉𝑉𝐷𝐷 = 0             (2) 
where 𝛼𝛼 = 2𝑒𝑒2𝑧𝑧𝑑𝑑/(𝜀𝜀𝜀𝜀ℏ2𝑣𝑣𝑓𝑓2) and 𝑓𝑓(𝑥𝑥) = (𝑘𝑘𝐵𝐵𝑇𝑇)2[ℱ1(−𝑥𝑥) −
ℱ1(𝑥𝑥)], with ℱ1(𝑥𝑥) the Fermi-Dirac integral of order 1.  
The current-voltage (I-V) characteristic of a MIG junction 
can be understood by considering the possible locations of 
the Fermi levels around the graphene Dirac point, as 
illustrated in Fig. 2. The bias voltage 𝑉𝑉 changes the relative 
difference between the Fermi levels on each side according to 
𝐸𝐸𝑓𝑓𝑔𝑔 − 𝐸𝐸𝑓𝑓𝑚𝑚 = 𝑒𝑒𝑉𝑉. We assume that ∆𝐸𝐸 ≥ 0 when 𝐸𝐸𝑓𝑓𝑔𝑔 ≤ 𝐸𝐸𝐷𝐷 and 
∆𝐸𝐸 < 0 otherwise. Depending on the bias voltage 𝑉𝑉, several 
regions of operation arise. If 𝑉𝑉 > 0 a positive current will 
flow from the graphene to the metal via tunneling across the 
(I) layer as shown in Figs. 2a-c. At 𝑉𝑉 = 𝑉𝑉𝐷𝐷, a perfect 
alignment of the graphene Fermi level with the Dirac point is 
produced (Fig. 2b), resulting in ∆𝐸𝐸 = 0.  On the other hand, 
if 𝑉𝑉 < 0, a negative tunneling current flows across the (I) 
layer (Figs. 2d-f). In the latter case 𝑉𝑉𝑐𝑐  is the bias voltage 
needed to align the 𝐸𝐸𝑓𝑓𝑚𝑚  level to the Dirac point, such that 
𝑒𝑒𝑉𝑉 = −∆𝐸𝐸. 
 
FIG. 2. Schematic representation of the tunneling current between graphene 
and metal electrodes. For panels (a)-(c) the current is due to electron flow 
from the graphene into the metal. For panels (d)-(e) the current flows from 
the metal into the graphene. Note that the Dirac point and the graphene 
Fermi level vary their positions with the bias voltage.  
II. Tunneling in a MIG heterostructure. Using the BTH 
approach [7,8] the tunneling current is computed via the 
expression 
𝐼𝐼 = 𝑔𝑔𝑉𝑉 4𝜀𝜀𝑒𝑒ℏ ∑ �𝑀𝑀𝑔𝑔↔𝑚𝑚�2�𝑓𝑓𝑔𝑔�𝐸𝐸𝑔𝑔� − 𝑓𝑓𝑚𝑚 (𝐸𝐸𝑚𝑚 )�𝛿𝛿�𝐸𝐸𝑔𝑔 − 𝐸𝐸𝑚𝑚�𝑔𝑔 ,𝑚𝑚       (3) 
where 𝑔𝑔 and 𝑚𝑚 label the states in the (G) and (M) electrodes 
with energies 𝐸𝐸𝑔𝑔 = 𝐸𝐸𝑔𝑔�𝐤𝐤𝑔𝑔� = 𝐸𝐸𝐷𝐷 ± ℏ𝑣𝑣𝑓𝑓�𝐤𝐤𝑔𝑔� and 𝐸𝐸𝑚𝑚 =
𝐸𝐸𝑚𝑚 (𝐤𝐤𝑚𝑚 ,𝑘𝑘𝑧𝑧) = ℏ2(𝑘𝑘𝑚𝑚2 + 𝑘𝑘𝑧𝑧2)/2𝑚𝑚, respectively, which we have 
sketched in Fig. 3 for convenience. Here 𝑔𝑔𝑉𝑉  is the electron 
valley degeneracy and 𝑓𝑓𝑔𝑔  and 𝑓𝑓𝑚𝑚  are the electron Fermi 
occupation factors. The 𝑀𝑀𝑔𝑔↔𝑚𝑚  term refers to the matrix 
element for the transitions and it is given by 
𝑀𝑀𝑔𝑔↔𝑚𝑚 = ℏ22𝑚𝑚0 ∬�Ψ𝑔𝑔∗ 𝑑𝑑Ψ𝑚𝑚𝑑𝑑𝑧𝑧 − Ψ𝑚𝑚 𝑑𝑑Ψ𝑔𝑔∗𝑑𝑑𝑧𝑧 � 𝑑𝑑𝑑𝑑,               (4) 
where 𝑚𝑚0 the  electron mass in the (I) layer. The Ψ𝑔𝑔(𝐫𝐫, 𝑧𝑧) 
and Ψ𝑚𝑚 (𝐫𝐫, 𝑧𝑧) represent electron wavefunctions. Considering 
the graphene with two identical atoms per unit cell, labeled 1 
and 2, the wavefunction for wavevector 𝐤𝐤 can be written in 
terms of the basis functions Φ𝑗𝑗𝐤𝐤 (𝑗𝑗 = 1,2) on each atom as 
Ψ𝑔𝑔(𝐫𝐫, 𝑧𝑧) = ∑ χj�𝐤𝐤𝑔𝑔�Φ𝑗𝑗𝐤𝐤𝑔𝑔(𝐫𝐫, 𝑧𝑧)𝑗𝑗  . The basis functions have Bloch 
form, Φ𝑗𝑗𝐤𝐤𝑔𝑔(𝐫𝐫, 𝑧𝑧) = exp�𝑖𝑖𝐤𝐤𝑔𝑔 ∙ 𝐫𝐫�𝑢𝑢𝑗𝑗𝐤𝐤𝑔𝑔 (𝐫𝐫, 𝑧𝑧)/√𝐴𝐴, where 𝑢𝑢𝑗𝑗𝐤𝐤𝑔𝑔 (𝐫𝐫, 𝑧𝑧) 
is a periodic function and 𝐴𝐴 refers to the contact area. These 
periodic functions are localized around the basis atoms (i.e., 
as 2pz orbitals) of the graphene, and 𝑢𝑢𝑗𝑗𝐤𝐤𝑔𝑔 (𝐫𝐫, 𝑧𝑧) is expected to 
vary only weakly along the radial coordinate 𝐫𝐫 in the 
graphene. Thus, we assume that 𝑢𝑢𝑗𝑗𝐤𝐤𝑔𝑔(𝐫𝐫, 𝑧𝑧) = 𝑓𝑓𝑗𝑗𝐤𝐤𝑔𝑔(𝐫𝐫)𝑔𝑔(𝑧𝑧) and 
we approximate the radially-dependent term 𝑓𝑓𝑗𝑗𝐤𝐤𝑔𝑔(𝐫𝐫) as 
numerical constants 𝑓𝑓1 and 𝑓𝑓2 [10]. The z-dependence has the 
usual decaying form 𝑔𝑔(𝑧𝑧) = 𝑒𝑒−𝜅𝜅𝑧𝑧/√𝐷𝐷, where 𝜅𝜅 is the decay 
constant of the wavefunction in the barrier, and 𝐷𝐷 is the 
normalization constant. Both χ1�𝐤𝐤𝑔𝑔� and χ2�𝐤𝐤𝑔𝑔� have well-
known values for graphene in a nearest-neighbor tight-
binding approximation [11].  
On the other hand, the metal electrons can be modeled as free 
incident and reflected particles for 𝑧𝑧 ≥ 𝑑𝑑 and with a decaying 
exponential for 𝑧𝑧 < 𝑑𝑑, namely 
𝛹𝛹𝑚𝑚 (𝒓𝒓, 𝑧𝑧) = �𝑒𝑒𝑖𝑖𝐤𝐤𝑚𝑚 ∙𝐫𝐫√𝐴𝐴 ∗ 𝑡𝑡𝑒𝑒𝜅𝜅(𝑧𝑧−𝑑𝑑)√𝐷𝐷 ,                                            𝑧𝑧 < 𝑑𝑑𝑒𝑒𝑖𝑖𝐤𝐤𝑚𝑚 ∙𝐫𝐫
√𝐴𝐴
∗
1
√𝐿𝐿
�𝑒𝑒−𝑖𝑖𝑘𝑘𝑧𝑧(𝑧𝑧−𝑑𝑑) + 𝑡𝑡𝑒𝑒𝑖𝑖𝑘𝑘𝑧𝑧(𝑧𝑧−𝑑𝑑)�, 𝑧𝑧 ≥ 𝑑𝑑     (5)                          
where  𝑡𝑡 and 𝑡𝑡 are the amplitudes of the transmitted and 
reflected waves, respectively, and 𝐿𝐿 is a normalization 
constant. As usual, the wavefunctions matching conditions in 
𝑧𝑧 = 𝑑𝑑 have to be fulfilled, resulting in 𝑡𝑡 = 2�𝐷𝐷/𝐿𝐿𝑘𝑘𝑧𝑧/(𝑘𝑘𝑧𝑧 +
𝑖𝑖𝜅𝜅). Thus, the square of the matrix elements can be written as  
 
�𝑀𝑀𝑔𝑔↔𝑚𝑚�
2
≈ � ℏ
22𝑚𝑚0 4𝜅𝜅𝑒𝑒−𝜅𝜅𝑑𝑑√𝐷𝐷 �2 |Θ|2𝜔𝜔(𝑘𝑘𝑧𝑧) 1𝐿𝐿 �1𝐴𝐴∫𝑑𝑑𝑑𝑑 𝑒𝑒𝑖𝑖�𝐤𝐤𝑔𝑔−𝐤𝐤𝑚𝑚�∙𝐫𝐫�2,     (6) 
where we have defined the functions Θ �𝜃𝜃𝐤𝐤𝑔𝑔� = �χ1∗𝑓𝑓1∗ +
χ2∗𝑓𝑓2∗� and 𝜔𝜔(𝑘𝑘𝑧𝑧) = 𝑘𝑘𝑧𝑧2/(𝑘𝑘𝑧𝑧2 + 𝜅𝜅2). The integral on the right-
hand side of Eq.(6) approaches the delta-function 𝛿𝛿(𝐤𝐤𝑔𝑔 − 𝐤𝐤𝑚𝑚 ) 
when 𝐴𝐴 → ∞, implying the conservation of in-plane 
momentum 𝐤𝐤. Incorporating Eq. (6) into Eq. (3), we get the 
following expression for the tunneling current 
𝐼𝐼 ∝ ∑ |Θ(𝜃𝜃)|2𝜔𝜔(𝑘𝑘𝑧𝑧)𝐤𝐤𝑔𝑔 ,𝐤𝐤𝑚𝑚 ,𝑘𝑘𝑧𝑧 �𝑓𝑓𝑔𝑔�𝐸𝐸𝑔𝑔� − 𝑓𝑓𝑚𝑚 (𝐸𝐸𝑚𝑚 )�𝛿𝛿�𝐸𝐸𝑔𝑔 − 𝐸𝐸𝑚𝑚�𝛿𝛿𝐤𝐤𝑔𝑔 ,𝐤𝐤𝑚𝑚 . (7) 
The delta-function in Eq. (7) guarantees that only processes 
conserving the energy are possible. In the limit of large 𝐴𝐴 we 
have 𝐤𝐤𝑔𝑔 = 𝐤𝐤𝑚𝑚 ≡ 𝐤𝐤 where |𝐤𝐤| = 𝑘𝑘, and converting the discrete 
sums to integrals, the equation for the tunneling current 
becomes 
𝐽𝐽 = 𝜂𝜂(𝜅𝜅) 2𝑚𝑚
ℏ2 ∬𝑑𝑑𝑘𝑘𝑧𝑧𝑑𝑑𝑘𝑘𝑘𝑘𝜔𝜔(𝑘𝑘𝑧𝑧)�𝑓𝑓𝑔𝑔 − 𝑓𝑓𝑚𝑚�𝛿𝛿[(𝑘𝑘 − 𝑘𝑘1)(𝑘𝑘 − 𝑘𝑘2)],    (8) 
where 𝜂𝜂(𝜅𝜅) = 8𝜀𝜀𝑒𝑒
ℏ
�
ℏ22𝑚𝑚0 4𝜅𝜅𝑒𝑒−𝜅𝜅𝑑𝑑√𝐷𝐷 �2 |𝑓𝑓1|2(2𝜀𝜀)2 with |𝑓𝑓1|2 constant of order 
unity assumed to have no dependence on 𝐤𝐤. The values 𝑘𝑘1 and 
𝑘𝑘2 are the solution of the quadratic equation 𝐸𝐸𝑔𝑔(𝑘𝑘) − 𝐸𝐸𝑚𝑚 (𝑘𝑘) =0 given by 
𝑘𝑘1 = 𝜉𝜉 + �𝜉𝜉2 + 𝑘𝑘𝐷𝐷2 − 𝑘𝑘𝑧𝑧2,   𝑘𝑘2 = ∓𝜉𝜉 ± �𝜉𝜉2 + 𝑘𝑘𝐷𝐷2 − 𝑘𝑘𝑧𝑧2.   (9) 
The upper (lower) sign of 𝑘𝑘2 applies to the valence 
(conduction) band where we have defined the constants  
𝜉𝜉 = 𝑚𝑚𝑣𝑣𝑓𝑓/ℏ and 𝑘𝑘𝐷𝐷2 = 2𝑚𝑚/ℏ2𝐸𝐸𝐷𝐷. Physically, 𝑘𝑘1 and 𝑘𝑘2 are the 
in-plane momentum 𝑘𝑘 values satisfying both the in-plane 
momentum and the energy conservation conditions (Fig. 3). 
 
FIG. 3. (a) Parabolic and linear dispersion relations corresponding to metal 
and graphene electrodes, respectively. At 𝑇𝑇 = 0 only states lying in the 
shaded region contribute to the tunneling current. For a given 𝑘𝑘𝑧𝑧  both the in-
plane momentum 𝑘𝑘 and the total energy 𝐸𝐸 are conserved only for the states 
with in-plane momentum 𝑘𝑘1 in the CB and 𝑘𝑘2 in the VB. (b) Work function 
𝑊𝑊𝑚𝑚 , equilibrium separation 𝑑𝑑𝑒𝑒𝑒𝑒 , short range interaction Δ𝑐𝑐ℎ , and 𝑉𝑉𝐷𝐷  voltage 
as defined in the main text, for several metals under study. 
At low temperature (𝑇𝑇 → 0) the expressions for both Δ𝐸𝐸 (Eq. 
2) and 𝐽𝐽 (Eq. 8) have a closed-form analytical solution. 
However, numerical calculations at 𝑇𝑇 = 300K will also be 
presented in this section. As 𝑇𝑇 → 0 the 𝑓𝑓 function from Eq. 
(2) reduces to 𝑓𝑓 = ±∆𝐸𝐸2/2, where the upper (lower) sign 
applies for Δ𝐸𝐸 < 0 (Δ𝐸𝐸 > 0) and then Eq. (2) becomes a 
quadratic equation for Δ𝐸𝐸 whose solution is 
Δ𝐸𝐸 = ± �1+4𝛼𝛼𝑒𝑒 |𝑉𝑉−𝑉𝑉𝐷𝐷 |−12𝛼𝛼 .                              (10) 
The upper sign applies for 𝑉𝑉 ≤ 𝑉𝑉𝐷𝐷 and the lower sign for 
𝑉𝑉 > 𝑉𝑉𝐷𝐷 . Fig. 4 shows the behavior of Δ𝐸𝐸 as a function of the 
bias voltage 𝑉𝑉 in MG juntions for different metals with 
𝑑𝑑 = 𝑑𝑑𝑒𝑒𝑒𝑒   and assuming 𝜀𝜀 = 𝜀𝜀0 (Fig. 3b). We can observe that 
at 𝑉𝑉 = 0, metals such as Cu and Al dope the graphene n-type 
while Pt and Au electrodes result in p-type graphene. 
 
FIG. 4 (Color online). Graphene Fermi level shift with respect to the Dirac 
point as a function of the bias voltage 𝑉𝑉 for different metals with 𝑑𝑑 = 𝑑𝑑𝑒𝑒𝑒𝑒 .  
With the calculated Δ𝐸𝐸 given in Eq. (10), an analytical 
expression for the tunneling current density at 𝑇𝑇 = 0  in the 
MIG structure can be found. Using Eq. (8) we have  
𝐽𝐽 = 𝜂𝜂(𝜅𝜅) 2𝑚𝑚
ℏ2 � 𝑑𝑑𝑘𝑘𝑧𝑧𝜔𝜔(𝑘𝑘𝑧𝑧)𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛 � 𝑘𝑘𝑑𝑑𝑘𝑘𝛿𝛿[(𝑘𝑘 − 𝑘𝑘1)(𝑘𝑘 − 𝑘𝑘2)]max ⁡(𝑘𝑘𝑚𝑚𝑖𝑖𝑛𝑛 ,𝑘𝑘𝑚𝑚𝑧𝑧𝑥𝑥 )min ⁡(𝑘𝑘𝑚𝑚𝑖𝑖𝑛𝑛 ,𝑘𝑘𝑚𝑚𝑧𝑧𝑥𝑥 ) , 
(11) 
where the meaning of 𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥 , 𝑘𝑘1 and 𝑘𝑘2 have been 
graphically represented in Fig. 3. It is worth noting that at 
𝑇𝑇 = 0 only states with energies 𝐸𝐸 ∈ [𝐸𝐸𝑓𝑓𝑚𝑚 ,𝐸𝐸𝑓𝑓𝑔𝑔 ] contribute to 
the tunneling current. The energy associated with 𝑘𝑘1 is 
normally outside of the energy range for which the graphene 
dispersion relation is linear (~ ± 1eV, corresponding to 
𝑉𝑉~ ± 2V). Both 𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛  and 𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥  values can be written as 
𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛 = �𝑘𝑘𝐷𝐷2 − 2𝑘𝑘𝑚𝑚𝑖𝑖𝑛𝑛 𝜉𝜉 − 𝑘𝑘𝑚𝑚𝑖𝑖𝑛𝑛2 , 𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥 = �𝑘𝑘𝐷𝐷2 + 2𝑘𝑘𝑚𝑚𝑧𝑧𝑥𝑥 𝜉𝜉 − 𝑘𝑘𝑚𝑚𝑧𝑧𝑥𝑥2 , 
(12) 
where 𝑘𝑘𝑚𝑚𝑖𝑖𝑛𝑛 = (𝑒𝑒𝑉𝑉 + Δ𝐸𝐸)/ℏ𝑣𝑣𝑓𝑓  and 𝑘𝑘𝑚𝑚𝑧𝑧𝑥𝑥 = |Δ𝐸𝐸|/ℏ𝑣𝑣𝑓𝑓 .  
III. Results. In this section we report on the tunneling 
current and differential resistance of the MG junction and  
MIG heterostructure. Fig. 5 shows, at 𝑇𝑇 = 300K, the 
tunneling current density  of the MG junction as a function of 
𝑉𝑉 for Pt, Au, Cu and Al  metal electrodes, with work 
functions and equilibrium separation distances given in Fig. 
3b, which were taken from Ref. [9]. For the sake of 
comparison we have also shown the tunneling current for a 
metal X with work function 𝑊𝑊𝑚𝑚 = 𝑊𝑊𝑔𝑔 = 4.5eV, so that 
graphene is undoped at 𝑉𝑉=0. Although not shown in Fig. 5, 
the tunneling current at 𝑇𝑇 = 0 calculated by Eq. 8 is barely 
distinguishable from the case 𝑇𝑇 = 300K. The main 
difference is the slope of the curve I-V when 𝑉𝑉 is such that 
the doping type in graphene changes.  Here, we have used the 
model for Δ𝑐𝑐ℎ  given in Ref. [9] to calculate the short range 
interaction at the equilibrium separation. The 𝜅𝜅 term 
appearing in the tunneling current expression has the form 
√(2𝑚𝑚𝑚𝑚/ℏ2 + 𝑘𝑘∥2)  [10], where 𝑚𝑚 = 5eV has been taken as the 
barrier height, and 𝑘𝑘∥ is the parallel momentum. For 
graphene, the latter term is essentially equal to the 
momentum at the K or K’ points (i.e., 4𝜀𝜀/3𝑧𝑧) so that 
𝜅𝜅 = 20.5nm-1. Changes of the concavity of the I-V curves 
occur whenever 𝑉𝑉 = 𝑉𝑉𝐷𝐷  or  𝑉𝑉 = 𝑉𝑉𝑐𝑐 , i.e., when the graphene 
(Fig. 2b) and metal (Fig. 2e) Fermi levels align with the Dirac 
point, respectively. 
 
FIG. 5 (Color online).Tunneling current density 𝐽𝐽 for the MG junction as a 
function of the bias voltage 𝑉𝑉 for different metal electrodes at the 
equilibrium separation.  
Next, we report on the differential contact resistance, defined 
as 𝑅𝑅 = 𝐺𝐺−1, where 𝐺𝐺 = 𝑑𝑑𝐽𝐽/𝑑𝑑𝑉𝑉 is the differential contact 
conductance. An useful expression for the conductance can 
be found with our model at zero temperature,  
𝐺𝐺 = 𝜂𝜂(𝜅𝜅) 2𝑚𝑚
ℏ2 �Ϝ�𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥 (𝑉𝑉)� 𝑑𝑑𝑘𝑘𝑧𝑧𝑚𝑚𝑧𝑧𝑥𝑥𝑑𝑑𝑉𝑉 − Ϝ�𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛 (𝑉𝑉)� 𝑑𝑑𝑘𝑘𝑧𝑧𝑚𝑚𝑖𝑖𝑛𝑛𝑑𝑑𝑉𝑉 �     (12) 
 
FIG. 6 (Color online). Differential contact resistance of the MG junction as a 
function of the bias voltage 𝑉𝑉for different metal electrodes in equilibrium 
separation. Thick and thin lines are for  𝑇𝑇 = 0 and 300K, respectively. The 
letters “b” and “e” refer to the situations described in Figs. 2b and 2e, 
respectively. 
where the function Ϝ(𝑥𝑥) = 𝜔𝜔(𝑥𝑥)𝑘𝑘2(𝑥𝑥)/|𝑘𝑘2(𝑥𝑥) − 𝑘𝑘1(𝑥𝑥)| is the 
argument of the integral in Eq. (11). Figure 6 shows the 
differential contact resistance as a function of V, which 
exhibits “b” points (corresponding to the situation  𝑉𝑉 = 𝑉𝑉𝐷𝐷) 
for Au and Pt at 𝑉𝑉 > 0. For Al and Cu these “b” points are 
located at 𝑉𝑉 < 0. For the MG juntion with X metal, the only 
peak appears at 𝑉𝑉 = 0, similar to MIM diodes [12]. The “b” 
and “e” points refer to the situations in Figs. 2b and 2e, 
respectively.  
Next, we show the behavior of the differential resistance as a 
function of the (I) layer thickness for the different MIG 
structures including Pd and Ti (Fig. 7). These latter metals 
were not previously discused in the context of MG junction 
theory because the strong graphene-metal bonding interaction 
destroys the conical points, and our model is no longer valid 
in this situation. We have assumed a permittivity 𝜀𝜀 = 4𝜀𝜀0 for 
the (I) layer. Here, the expected exponential dependence with 
𝑑𝑑 can be observed. On the other hand, the 𝑉𝑉𝐷𝐷voltage changes, 
for every metal, with respect to the MG juntion because now 
Δ𝑐𝑐ℎ = 0. For instance, if we consider Cu as a metal and a bias 
𝑉𝑉 = 0, the graphene of MG junction is n-type  (Fig. 6) but, in 
a MIG structure instead, graphene can be p-type. In addition, 
Fig 7 shows that the voltage for which  the “b” points arise is 
insensitive to the interfacial layer thickness 𝑑𝑑 while the “e” 
points move with 𝑑𝑑. This is because “b” points only depend 
on electrical properties while the “e” points dependent on 
system geometry.   
 
FIG. 7 (Color online). Differential resistance of the MIG heterostructure and 
its dependence on d, where 𝜀𝜀 = 4𝜀𝜀0 and 𝑇𝑇 = 300K have been assumed.    
Fig. 8a shows the asymmetry factor, which is defined as the 
magnitude ratio of the reverse current at −𝑉𝑉 to forward 
current at 𝑉𝑉, being a figure of merit for MIM  diodes. The 
asymmetry factor of the MG with Al reaches ~2.2 at 0.2V 
and in the X diode decreases monotonically, which can be 
explained by the differences between the dispersion relations 
of graphene and metals and the difference between the 𝑘𝑘2 
values in the CB and the VB given in Eq. (9). Fig. 8b 
represents the variation of the differential contact resistance 
in “b” points as a function of the temperature which is 
attributed to the reduced DOS in the graphene  when ∆𝐸𝐸 = 0. 
In contrast, although it is not shown, the resistance in the 
points “e” do not change significantly. 
 
 
 
 
FIG. 8 (Color online). (a) Plot of the asymmetric factor, defined in the main 
text. (b) Differential contact resistance for the “b” points as a function of the 
temperature.  
 
In conclusion, we have developed a tunneling current model 
for the MIG heterostructure based on the BTH method. The 
model reveals the role played by the electrical and physical 
parameters in determining the differential resistance. In 
particular, the role played by the metal work function and 
insulator thickness has been elucidated.  
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